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Introduction
@ Some of the most important applications of differential calculus are contextual
optimization problems.

@ These problems involve finding the maximum or minimum values of a function.

Definition
Let ¢ be a number in the domain D of a function f.

The function f has an absolute maximum at ¢ if f(¢) > f(z) for all z in D, and
the number f(c) is called the absolute maximum (value) of f on D.

The function f has an absolute minimum at ¢ if f(¢) < f(z) for all z in D, and
the number f(c) is called the absolute minimum (value) of f on D.

Terminology

@ An absolute maximum or minimum value is also called a global maximum or
minimum value.

@ The maximum and minimum values of f are also called extreme values of f.
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Definition

The function f has a local (or relative) maximum at c if there exists an open
interval I containing ¢ such that f(c) > f(x) for all z in I, thatis, f(c) > f(z)

when z is near ¢. The number f(c) is called a local (or relative) maximum
(value).

The function f has a local (or relative) minimum at c if there exists an open
interval I containing ¢ such that f(c) < f(x) for all z in I, thatis, f(c) < f(z)

when z is near ¢. The number f(c) is called a local (or relative) minimum
(value).

Notes
@ A neighborhood is a generalization of an open interval.

@ It is possible for a value f(c) to be both an absolute and a local extreme value.

@ A function cannot have a local maximum or a local minimum at an endpoint of
its domain.

@ Some functions have extreme values, others do not.

It would be nice to have some conditions under which a function is guaranteed
to have extreme values.
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The Extreme Value Theorem (EVT)

If f is continuous on a closed interval [a,b], then f attains an absolute maximum
value f(c) and an absolute minimum value f(d) at some numbers ¢ and d in [a, b]

A Closer Look
@ An extreme value may occur at more than one place in the closed interval.

@ Both conditions, continuity and a closed interval, are necessary.
If either one is not satisfied, then absolute extrema are not guaranteed.

@ The Extreme Value Theorem is an existence theorem.
So, where do we look?
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Fermat’s Theorem

If f has a local maximum or minimum at ¢, and if f/(c) exists, then f'(c) = 0. J

A Closer Look

o Contrapositive (which is true):
If f/(c) exists with f’(c) # 0, then f(c) is not a local extreme value.

o If f/(c) =0, not guaranteed that f(c) is a local extreme value.

@ We cannot expect to find all local extreme values at places where the derivative
is zero.
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Definition

A critical number of a function f is a number ¢ in the domain of f such that
f'(¢c) =0 or f'(c) does not exist (DNE).

Notes

@ A critical number is also called a critical point or critical value.

@ The word number makes it clear that they are z-values and not points in the
plane.

@ The term critical point is consistent and traditional.

Conclusion

If f has a local maximum or minimum at ¢, then c is a critical number of f.
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The Closed Interval, or Table of Values, Method

To find the absolute maximum and minimum values of a continuous function f on
a closed interval [a, b]:

(1) Find the values of f at the critical numbers of f in (a,b).
(2) Find the values of f at the endpoints of the interval.

(3) The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these is the absolute minimum value.

Notes
@ Also called The Candidates Test.

o Create a table of values. Find the smallest and the largest values.
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Example 1 Absolute Extreme Values

Find the absolute maximum and minimum values of the function
f(z) =223 — 322 — 122 + 1 on the interval [—2,4].

Solution

The function f is continuous on a closed interval.

Therefore, we can use the Table of Values Method.

f'(z) = 622 — 62 — 12

f(x) =0:

622 — 62 —12=6(z2—2—-2)=6(z—2)(z+1)=0 = z=—1, 2
f'(z) DNE: None

Notice that both critical values lie in the interval [—2,4].
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Create a table of values for all relevant critical numbers and the endpoints.

z  flx)

-2 -3

-1 8
2 | —19 < absolute minimum value
4 33 <« absolute maximum value

EEEREE o~ rao )

]

T(X)==2'x3—3-x2—12-x+1 Done

solve(di(f(x))=o;f) x=-1orx=2 . - -

X
2 > S
: 2 19
‘ 3
_ ]
- [«]»
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Solution

Here is a graph of f with all the important points labeled.
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Example 2 Water Over the Dam

The rate at which water is released from the spillway at the Roosevelt Dam is
modeled by the function r given by r(t) = et — 2t? + 1, for 0 < t < 3, where 7(t)
is measured in thousands of cubic feet per hour and ¢ is measured in hours.

(a) Using correct units, how fast is the water being released at time ¢t = 2 hours?

(b) Find the coordinates of all the local extrema on the graph of r and indicate
whether each is a local maximum or local minimum.

(c) Find the absolute maximum and absolute minimum release rates over the
given interval.

(c) I've used the Task 7'(t) = et — 4t
r'(t) = 0:
el —4t =0 = t =0.357, 2.153
r’(t) DNE: none
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m 2.1 m *abl <= rap {11 B3

r(t):=et—2- r2+ 1

A z:=zems(%(r(!)),t)

(0.357,2.17)

{0.357403,2.15329 }

[<]0
=
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Use the Table of Values Method.

d 2.1 m el b *abl — rao {1 F3

®At B rate C D '
= =r('t)
1 0 2

210.357403| 2.17414
3| 2.15329|0.339833

4 3.| 3.08554
- =
G2 KIE

The absolute maximum rate occurs at time ¢ = 3 hours.
The absolute maximum rate is 3.086 thousand cubic feet per hour.

The absolute minimum rate occurs at time ¢t = 2.153 hours.
The absolute minimum rate is 0.340 thousand cubic feet per hour.
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