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Background

Suppose a particle moves along the curve C' as shown.

Y

—
>(-MJ) = (f(t),9())
\\

RN

o Cannot describe C' by an equation of the form y = f(x).

C

o Consider the z- and y-coordinates of the particle as functions of a third
variable t, often corresponding to time.

o Write: = = f(t) and y = g(t).
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2018 AP@J Calculus Exam Parametric Equations
Definition

Suppose x and y are both given as functions of a third variable ¢, called a
parameter, by

called parametric equations.

@ Each value of ¢ determines a point (z,y), which we can plot in the coordinate
plane.

@ As t varies, the point (x,y) = (f(t), g(t)) varies and traces out a curve C, a
parametric curve.

o If t represents time: (z,y) = (f(t), g(t)) is the position of the particle at time ¢.
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Example 1 Curve Sketching

Sketch the curve defined by the parametric equations x =t — 3 cost, y = 2sint,

—nm<t<m.
«EER > *he2 < rao L1 B3 1.1
- Y, My
ke {xl(f}=t—3' cos(r) J R {xl{t}=t—3- cos(t)
yl(t}=2- sin(r) yl(:)=2- sin(t)
1 /)&/1/—\
X X
-5 1 7l s k 1 7
, xlyl:( -1.88 , 1.13 ), = 0.6
1
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Example 2 Short Walk

A particle moves about in the plane so that its position at time ¢ is given by the
parametric equations

=561t y=+/1
Find the length of the path of the particle.
Solution
Domain: 0 <t < 56
1.1 [1.2] 1.3
oy {xz(r)= 56—t
2=t
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Solution

Eliminate the variable ¢
2 +y? = [VB6—1) + [VI]" = (56 — ) +t = 56
The path of the particle is part of circle centered at the origin, r = v/56.

Length of the path = 1277 = 127 /56 = 750 — 7\/14
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2018 AP@J Calculus Exam Polygonal Path Approximations
Arc Length

o If F’( ) is continuous on [a, b] then the length of the curve defined by
,a<zx<bis

/W

@ Suppose C is described by x = f(t), y = g(t), a <t < B3, —f =f(t)>0
L=/j“l+(j§)2d$
= /j“l—k <ZZ§Z§)2 Z—f dt dz = f'(t)dt
L

i3 TExAs INSTRUMENTS



2018 AF’@'y Calculus Exam Polygonal Path Approximations

Polygonal Paths

o Divide the interval [«, 5] into n subintervals of equal width At.

@ Endpoints of the subintervals: g, t1,t2,...,t,

e z = f(t;) and y = g(t;) are the coordinates of points P;(x;,y;) that lie on C.
o Polygonal path with vertices Py, Py, Ps, ..., P, approximates C.
c

¢ Py

Py
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Polygonal Paths to the Limit
n
o Length L of C: L = lim Z\Pi_lPi\

n—00 4
=1

o Apply the MVT to f on [t;_1,t;].

There exists a number ¢} in (t;_1,t;) such that

f(t) = fltima) = f/ (&)t — tiza)
o Let Aw; = — i1, Ay =y —yim1: Az = f/(EF) At
o Apply the MVT to g on [t;—1,1;].

There exists a number ¢* in (¢;,_1,t;) such that

Ay; = g'(t7*) At
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Polygonal Paths to the Limit

@ Length of each straight-line segment:

PioaPi| = VB2 4 (By)? = \J[£(t7) A2 + [g/(£77) Adf2
_ \/ g(£4))2 At

@ Length of the curve:

LZHILHQOZ\/ (]2 + [/ (t))2 At

@ This is almost a Riemann sum ¢} # t* in general. But...

8
o L= [ VIR +Ig )P dt

dz\? dy 2
() (@)
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Theorem

If a curve C' is described by the parametric equations = = f(t), y = g(t),
a <t <, where f' and ¢’ are continuous on [a, 8] and C is traversed exactly
once as t increases from « to (3, then the length of the C is

SAOROK

Suppose a particle moves along a curve so that its position vector at time ¢ is
r(t) = (f(t),g(t)). The velocity vector v(t) is given by

V(t)r'(t)<‘j;7‘$>

Total distance traveled by the particle from time t = « to time t = :

A dz\? dy 2
dist traveled = - — | dt
Istance travele /a \/(dt) + <dt>

Particle Motion

i3 TExAs INSTRUMENTS



2018 AP® Calculus Exam

Example 3 Arc Length

Graph the curve described by the parametric equations and find its length.
(a) = (21 —t)et/?cost, y=¢e'?sint, 0<t<2r

(b) # =Int+sint, y=10e"tcost, 1<t<6
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