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The Fundamental Theorem of Calculus ERLIEENEEEN)

Introduction

(1) The Fundamental Theorem of Calculus (FTC) is the most important idea in
calculus.

The Curriculum Framework:
Big Idea 3: Integrals and The Fundamental Theorem of Calculus.
(2) The FTC establishes a connection between the two branches of calculus:
differential calculus and integral calculus
The precise inverse relationship between the derivative and the integral.

(3) The FTC allows us to compute many definite integrals very easily.
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LU I GRS RINEEISTTEN  The Fundamental Theorem of Calculus, Part 1

Background
(1) The FTC Part 1 deals with functions defined by an equation of the form

o) = [ oL

where f is a continuous function on [a, b] and z varies between a and b.
(2) The function g depends only on z, the upper limit of the integral.

(3) If x is fixed, then this integral is a definite number.
As x varies, the number / f(t)dt also varies.

Therefore, this defines a function of z, denoted g(z).
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FTC Part 1: Background

(1) If f is a positive function, then g(x) can be interpreted as the area under the
graph of f, above the z-axis, from a to x, where x can vary from a to b.

(2) Interpretation of g: area-so-far function.
(3) Visualization:
Y

/ area = g(x)

y=f(t)
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FTC Part 1: Background

(1) Many AP Calculus Exam questions involving this concept.
Most involve line segments and half circles.
(2) It would be nice to have a formula for the area-so-far function.
Discovery exercises: ¢’ = f.
(3) Visualization:
g(z +h) — g(x) ~ hf(2)
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The Fundamental Theorem of Calculus SO ETE

The Fundamental Theorem of Calculus, Part 1

If f is a continuous function on [a, ], then the function g defined by

/f a<x<b

is continuous on [a,b] and differentiable on (a,b), and ¢'(x) = f(x).

\ J

A Closer Look

(1) In words: the derivative of the definite integral with respect to its upper limit
is the integrand evalauted at the upper limit.

(2) Other notation: % [/j ft) dt} = f(z)
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The Fundamental Theorem of Calculus

Example 1
Find the derivative of each function.

(a)g<x>=/0w¢1+t+t2 it (b) h(m):/j cost

t2+4

Solution

@ @ =1 | [ ViR a) =i

d T cost coS T
/ — - _
(b)h(x)_dm M t2+4dt] 2+ 4
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The Fundamental Theorem of Calculus
Example 2

wS
Find V sint dt].
dm 1
Solution
a | d [
— / sintdt| = — [/ sint dt} Let u = 3.
de: 1 dx 1
d “ du
= — |:/ sint dt:| — Chain Rule.
du | J; dx
d
=sinu au FTC1.
dx
= sin(2?) - 322 Use u = z3.
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The Fundamental Theorem of Calculus [ZEeNET02
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The Fundamental Theorem of Calculus, Part 2

If f is continuous on [a, b], then

/f F(b) - F(a)

where F' is any antiderivative of f, that is, a function such that F’/ = f.

\ J

A Closer Look
(1) Instead of using Riemann sums, the definite integral can now be evaluated by
simply evaluating an antiderivative, F', at only two points a and b.

(2) Consider the motion of a particle.
Velocity: v(t); Position: s(t); v(t) = §'(¢).

Discovered: for a particle moving in the positive direction, the area under the
velocity curve is equal to the distance traveled.

b
In symbols: / v(t) dt = s(b) — s(a)
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The Fundamental Theorem of Calculus
Example 3

Evaluate the definite integral.

™
(a) / sinx dz (Interpretation)
0

(b) /03 e *dx

3 2
(c) / ze™* dx
0
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The Fundamental Theorem of Calculus [NEEEELES

FTC Part 2: Net Change
(1) f'(z) represents the rate of change of y = f(x) with respect to z.

(2) f(b) — f(a): change in y as x changes from a to b.
(3) Since y could, for example, increase, decrease, and then increase:

f(b) — f(a) is the net change in y as x changes from a to b.

Net Change Theorem

The definite integral of a rate of change, f’, is the net change in the original
function f:

b
/ [y dz = f(b) — f(a)
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The Fundamental Theorem of Calculus [NEEEELES

FTC Part 2: Interpretation
b
W) [ #)ds
represents the accumulation of the change in f over the interval [a, b].

(2) Rearrange the terms: an alternate interpretation and very practical approach
to AP Calculus problems.

b
) = fla) + / f(x) da
~— ~— a
—_———

End amount Start amount Net change
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The Fundamental Theorem of Calculus Net Change
Example 4

A cell phone battery with 500 mAh (milliamper hours) of power is plugged into a
charger. The rate at which the cell phone battery increases in power is given by
the function

P(t) = 2000e(t=0-25)°
where t is measured in hours. Find the amount of power in the battery after 30
minutes.

Let T'(t) be the total power in the cell phone battery at time ¢.
0.5

T(0.5) =T0)+ [ P(t)dt
0

= 500 + 979.552 = 1479.552
After 30 minutes, the battery has approximately 1480 mAh of power.
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The Fundamental Theorem of Calculus

Technology Solution

rao L1 PR

~ 2 Done

p(f):=2000- e (e-0.25)
0.5 979.552
ple) ar
0

500+979.55154872098 1479.55

=
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The Fundamental Theorem of Calculus Net Change
Example 5

While the cell phone is connected to the charger, at time ¢ = 0.3 hours, the phone
is turned on and discharges power at a rate given by

D(t) = 500sin(?) + 1000

(a) Is the amount of power in the cell phone battery increasing or decreasing at
time t = 1 hour? Give a reason for our answer.

(b) How much power is in the cell phone battery after 1.5 hours?

(c) Find the maximum amount of power in the cell phone battery for ¢ in the
interval [0, 2].
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The Fundamental Theorem of Calculus
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